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A HIGHER DIMENSIONAL GENERALIZATION OF 
HERSCH-PAYNE-SCHIFFER INEQUALITY FOR 
STEKLOV EIGENVALUES 

LIANGWEI YANG AND CHENGJIE YU^ 


Abstract. In this paper, we generalize the Hersch-Payne-Schiffer 
inequality for Steklov eigenvalues to higher dimensional case by 
extending the trick used by Hersch, Payne and Schiffer to higher 
dimensional manifolds. 


1. Introduction 


Let {M^,g) be a compact connected Riemannian manifold with 
nonempty boundary. The Dirichlet-to-Neumann map L : C°°{dM) —)■ 
C°°{dM) for functions is dehned as 


L{u) 


du 


where u is the harmonic extension of m G C°°{dM) and v is the out¬ 
ward normal vector held on dM. It is shown in [10] that L is a hrst 
order nonnegative self-adjoint elliptic pseudo-differential operator. So 
the spectrum of L is discrete and can be arranged in increasing order 
(counting multiplicities) as: 


0 = CTo < (Ti < (72 < ■ • • . 


ak is called the fc-th Steklov eigenvalue of The Steklov eigen¬ 

values have been intensively studied recently. [2] makes an excellent 
survey for recent progresses of the topic. 

In 1974, Hersch,Payne and Schiffer [I] proved the following inequal¬ 
ity: 


( 1 . 1 ) 


(Tp (H) (Tq (H) L(clf2) ^ 


/ (p + g-l)^vr^ 

I (p + g)V 


if p -b g is odd 
if p -b g is even 
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by an elegant trick using conjugate harmonic functions. Here hi is a 
bounded simply connected domain in with smooth boundary and 
L{dVL) is the length of dVL. In fact, in [1], Hersch, Payne and Schiffer 
also obtained similar inequalities for multiple connected domains. 

The Hersch-Payne-Schiffer inequalities was recently generalized to 
surfaces of higher genus by Girouard and Polterovich via different tech¬ 
niques using the Ahlfors map in [3]. In fact, they proved: 

(1.2) 

{p + q — 1)^(7 + 0^"^^ if p -I- g is odd 
(p + q')^(7 + /)^7r^ if p -|- g is even. 


ap{Vt)aq{Vt)L{dVtY < 


Here H is a compact oriented surface with genus 7 and I connected 
boundary components. When 7 = 0 and / = 1, it recovers the Hersch- 
Payne-Schiffer inequality for bounded simply connected plane domains. 
However, when 7 = 0 and / > 1, fll.2p is different with the Hersch- 
Payne-Schiffer inequality for multiple connected plane domains in [1]. 

In [7], Raulot and Savo introduced the following Dirichlet-to-Neumann 
map for differential forms. Let u G A^{dM), the Dirichlet-to-Neumann 
map for r-differential forms is dehned as 

= i^du. 


Here Cj is the tangential harmonic extension of a;. It is shown in [7] 
that is also a hrst order nonnegative self-adjoint elliptic pseudo¬ 
differential operator. So, the spectrum of is discrete. We arrange 
the eigenvalues of in increasing order (counting multiplicities) as: 

(1.3) 0 < < 4’’^ < • • ■ . 


There is a different Dirichlet-to-Neumann map for differential forms 
in [1] where the authors used another kind of harmonic extension for 
differential forms on the boundary. However, the Dirichlet-to-Neumann 
map introduced in [1] is not elliptic for differential forms with positive 
degree, because the kernel of the map is not hnite dimensional. 

In this paper, by extending the trick of Hersch-Payne-Schiffer to 
higher dimensional cases, we obtain the following generalization of the 
Hersch-Payne-Schiffer inequality. 


Theorem 1.1. Let be a compact oriented Riemannian man¬ 

ifold with nonempty boundary. Let a^\M) be the k-th Steklov eigen¬ 
value for differential r-forms of dM and Xk{dM) be the k-th eigenvalue 
for the Hodge-Laplacian operator of dM (both counting multiplicities). 
Then, for any two positive integers p and q, we have 

(1.4) <’(V)<7+,(^fl £ A,+,«„_._,(aM) 
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where bk is the k-th Betti number of M. 


When M is a compact oriented snrface with genns 0 and I connected 
bonndary components, Theorem 11.11 is just the Hersch-Payne-Schiffer 
inequality fll.ip . When M is a compact oriented surface with genus 
7 and / connected boundary components, Theorem 11.11 is a higher 
genus generalization of the Hersch-Payne-Schiffer inequality different 
with (II.2^ . For example, when M is a compact oriented surface of 
genus 7 with connected boundary. Theorem 11.11 give us the following 
inequality directly: 

(1.5) 

(p + g + 27 — l)^7r^ if p -I- g is odd 
(p + g + 27)^71^ if p -|- g is even. 


ap{M)aq{M)L{dMf < 


In O [HI [71 E], the authors also obtained interesting estimates of 
the Steklov eigenvalues for differential forms under some nonnegative 
assumptions on the curvature of the manifold and its boundary. Com¬ 
paring to these results, our result is free of curvature assumptions. It 
is just a direct generalization of the Hersch-Payne-Schiffer inequality 
in |1]. 


2. Preliminaries 


In this section, we recall some preliminaries in Hodge Theory for 
oriented compact Riemannian manifolds with nonempty boundary. 

Let (M*^, g) be an n-dimensional oriented compact Riemannian man¬ 
ifold with nonempty boundary and * be the Hodge star operator and 

S = (- 1 )"’'+! * d* : A^+\M) A^{M) 

be the formal adjoint of d : A^{M) —)■ W+^(M). Here A^{M) is the 
space of differential r-forms on M. Let i : dM —)■ M be natural 
embedding, tu = i*bj for any differential forms lo on M, and 

no; = u — toj 


on dM. The following relations of *, t and n are useful: 

(2.1) t * a; = =t:na;, n * a; = ^to; 

for any differential form oj. By Stokes formula and the relation above, 
we have 


{da,(3)dV= / {a,6l3)dV+ / ta A 


'M 


' M 


'dM 


{a,5(i)dV + / {i*cx.,ii,l3)dA. 


' M 


'dM 


( 2 . 2 ) 
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Here v is the unit outward normal of M and 

The following Hodge-Freiderich-Morrey decomposition can be found 

in [5]. 

Theorem 2.1. Let he an n-dimensional oriented compact Rie- 

mannian manifold with nonempty boundary. Let 

r(M) = {da\ae A^-\M)M = 0 }, 

C"(M) = {5/5 I /5 e n/5 = 0} 

and 

RC^M) = {76 A^{M) I 6/7 = 0, and d'y = 0}. 

Then, we have the following Lf-orthogonal decomposition of A^{M): 
A^{M) = r (M) © C{M) © Vf{M), 

for any r = 0,1, • • • , n. Moreover, we have the following L'^-orthogonal 
decompositions for W[M): 

W{M) 

and 

where 

= {-f eW{M) |t7 = 0}, 

H^g{M) = {76 RC{M) I 7 = 5 a for some a G A''^^{M)}, 
Wm{M) = {7 G W{M) I n7 = 0 } 

and 

= {7 G RC{M) I 7 = da for some a G A''~^{M)}. 

Let a G A^{dM) and d G A^{M) be the unique tangential harmonic 
extension of a. That is, 

f Ad = 0 

(2.3) < td = a 

nd = 0 

Here A = d5 + 5d is the Hodge-Laplacian operator. The Dirichlet- 
to-Neumann map : A^{dM) —)• A^(dM) for differential r-forms is 
dehned as 

(2.4) L(")(a)=vdd. 

It is proved in [7j that is a nonnegative elliptic self-adjoint 
pseudo-differential operator of hrst order. So, the eigenvalues of L^'^l 
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are discrete which are called the Steklov eigenvalues for differential 
r-forms. By Theorem 12.11 and 02.21) . it is clear that 

dimkerL^'"^ = dim'H^(M) = br 


where is the r-th Betti number of M. So, the multiplicity of the 
eigenvalue 0 is br for . Arrange all the eigenvalues of (counting 
multiplicities) as follows: 


0 < < a2^ < • • ■ • 


It is clear that , a. 

(r) 


Let ' G 


A^{dM) be the eigenform for a^\ 


are the Steklov eigenvalues in usual sense. 

Then, we have the 

following variational principle for 

(2.5) 


4’> = inf 


{da, da) + {5a, 5a)dV 
J {a, a)dA 


a G A^{dM),a ^ 0, 

I d) I d) 

a ± a\ ,■■ ■ ,a± ak_i 


3. Proof of Theorem 11.11 

We are now ready to prove Theorem 11.11 

Proof. Let (pk ^ C°°{dM) be the eigenfunction of Xk{dM). Since 
\i{dM) = 0. We can suppose that (pinion dM. Let 

(3.1) U = C202 + C2^3 + • • • + Cp+q-^-b^_.^-l(pp+q+bn-l-l ^ C°°{dM) 

where C 2 ,C 3 , • • • ,Cp+q+b„-i-i are constants that are not all zero to be 
determined. Then, u is not a constant function on dM. Note that 

(3.2) d* du = *5du = *Au = 0. 

So, *du is a closed (n — l)-form on M. If we choose the constants in 
fl3.ll) such that 

(3.3) * dh T {7 G n^-\M) I ny = 0} 

Then, by Theorem 12.11 we know that *du is exact. Suppose 

(3.4) * du = da 

with a G A^~‘^{M). By Theorem 12.11 again, suppose that 

(3.5) d = dr] + 5/3 + ^ 

where 7 G A"'“^(M), (3 G A^~^{M) with n/3 = 0 and 7 G H'^~‘^{M) 
with 117 = 0. Note that 

(3.6) kerL("-2) = {Pu \ u G nu = 0}. 

So, we can choose a suitable 7 G with ny = 0 such that 

(3.7) r((5/5 + 7 ) TkerL^’^-^). 
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Let a = 5/3 + 7 . Then 

(3.8) da = d5j3 = da = *du 
and 

(3.9) da = 0. 

Moreover, 

(3.10) Act = {dd + dd)a = dda = d * du = (—1)”“^ * ddii = 0, 
and 


(3.11) 


net = ndfd + n 7 = dnfd = 0 . 


So, ct can be view as the tangential harmonic extension of i*a G 
A^~‘^{dM). Furthermore, we choose the constants in fl3.1l) . so that 


(3.12) 

and 

(3.13) 


• * I (n—2) 


-2+1’ ■ ■ ■ ’ '^b„-2+g-l 


(n-2) 


I (0) (0) 

u dLa\\--- 


The requirements fl3.3p . fl3.12p and fl3.13p form a homogeneous linear 
system of C2, C3, • • • , Cp+g+fe^_j_i with p + q + bn-i — 3 equations. So, 
there are constants C 2 , C 3 , • • • , that are not all zero satisfying 

the requirements fl3.3p . fl3.12p and 03.131) . 

Note that, by 02.2p . 

/ {da,da)dV 

Jm 

= / {i*a,iuda)dA 
JdM 

f {i*a,i*ct)dA\ 
dM J 

f {i*a,i*ct)dA\ 
dM J 

f {i*a,i*ct)dA\ 
dM J 


(3.14) 


< 


f y/2 

/ {iyda, ivda)dA j 

'dM J 

f 

/ {iu * dit, ii, * du)dA j 
'dM J 

f {du, du)dA\ 

'dM J 


Moreover, 


(3.16) 


{du,du)dV = / {*du,*du)dV = / {da,da)dV. 


' M 


' M 


’ M 
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Therefore, by (13.14^ . (I3.15p and (13.Ih . 

Jm {du, du)dV {da, da)dV 


(3.16) 


< 


< 


Jgj^{i*a,i*a)dA 
Im {da, da)dV {da, da)dV 
fgu^^dA Jg^{i*a,i*a)dA 
Jgj^ {du, du)dA 
u^dA 


IdM 

<^p+q+b„-i-l{dM). 


□ 
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